Abstract: This paper proposed an effective numerical method to obtain the solution of nonlinear two-dimensional mixed Volterra-Fredholm integro-differential equations. For this purpose, the two-dimensional block-pulse functions (2D-BPFs) operational matrix of integration and differentiation has been presented. The 2D-BPFs method converts nonlinear two-dimensional mixed Volterra-Fredholm integro-differential equations to an algebraic system of equations which is computable as well. Error analysis and some numerical examples are presented to illustrate the effectiveness and accuracy of the method.
Introduction
The modeling of the most phenomena in real life from engineering and physics to mechanics and etc leads to nonlinear equations. Meanwhile, the analytical solution of them in most of the time are not exist, so we need a powerful method to approximate the exact solutions.
The mixed Volterra-Fredholm integro-differential equation is one of the most important equation release in theory of parabolic boundary value problems, population dynamics, the mathematical
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modeling of the spatio-temporal development and in many physical and biological models (Diekmann, 1978; Khajehnasiri, 2016; Pachpatte, 1986; Thieme, 1977) .
In 1977, Harmuth (Harmuth, 1969) presented the Block-Pulse Functions (BPFs) as a mathematical tool for approximate the problems. The BPFs which are defined in the time interval ½0; T 1 are a set of orthogonal functions with piecewise constant values such as:
(1:1)
where i ¼ 0; . . . ; m À 1 with m as a positive integer.
The solution of Fredholm and Volterra integral equations of the second kind have been approximated by using BPFs in (Kung & Chen, 1978) . Maleknejad and Mahmoudi in (Maleknejad & Mahmoudi, 2004) have applied a combination of Taylor and Block-Pulse Functions to solve linear Fredholm integral equation.
The BPFs and Lagrange-interpolating polynomials have been used to approximate the solution of Volterra's population model by Marzban et al. in (Marzban, Hoseini, & Razzaghi, 2009 ). Maleknejad and Mahdiani have applied two dimensional Block-Pulse functions 2D-BPFs for solving nonlinear mixed Volterra-Fredholm integral equations (Maleknejad & Mahdiani, 2011) , Aghazadeh also developed the Block-pulse functions technique to solve the nonlinear two dimensional Volterra integro-differential equation (Aghazadeh & Khajehnasiri, 2013) , Khajehnasiri et al. have extended the BPFs method for the solving systems of higher-order nonlinear Volterra integro-differential equations (Ebadian & Khajehnasiri, 2014) , Nemati in (Nemati, Lima, & Ordokhani, 2013) solving a class of two-dimensional nonlinear Volterra integral equations using Legendre polynomials. Hesameddini et al. used hybrid Bernstein Block-Pulse functions for solving system of Volterra-Fredholm integral equations (Hesameddini & Shahbazi, 2017) .
In the past decay, scientists have been used some methods to approximate the solution of the mixed Volterra-Fredholm integro-differential equation such as Legendre collocation method (Rohaninasa, Maleknejad, & Ezzati, 2018) , Fixed point techniques (Berenguer et al., 2013) , Bernstein polynomials (Yuzbas, 2016) , A Bernstein operational matrix (Maleknejad, Basirat, & Hashemizadeh, 2012) , Bessel collocation method (Yuzbas, 2015) , Tau method (Shahmorad, 2005) . But on the other hand, there are not suitable work on the partial mixed volterra-fredholm integral equations in this paper we study this kind of equations. (1:2) with given supplementary conditions, aðt; xÞ; bðt; xÞ; and cðt; xÞ are given continuous functions, where uðt; xÞ is an unknown function which should be determined, f ðt; xÞ and kðt; s; x; yÞ are analytical functions on D ¼ ½0; T Â Ω and D Â Ω 2 , respectively; Ω is a closed bounded region in R n ðn ¼ 1; 2; 3Þ with piecewise smooth boundary @Ω (Brunner, 2004) . In this paper, we consider the nonlinear function Gðuðs; yÞÞ in the following form
Gðuðs; yÞÞ ¼ u p ðs; yÞ;
where p is a positive integer. With regard to the fact that every finite interval can be transformed to ½0; 1 by linear map, without loss of generality, we can consider Ω ¼ ½0; 1 and ½0; T ¼ ½0; 1.
This paper is organized as follows. In Section 2, definition and some properties of the 2D-BPFs has presented. The 2D-BPFs are applied to solve Equation (1.2) in Section 3. The error analysis of the proposed method has been investigated in Section 4. Some numerical results has been presented in Section 5 to show accuracy and efficiency of the proposed method. Finally, some concluding remarks are given in section 6.
Properties of the 2D-BPFs
We usually call the block-pulse functions containing two variables as two-dimensional block-pulse functions 2D-BPFs. An ðm 1 m 2 Þ-set of 2D-BPFs are defined in region t 2 ½0; T 1 Þ and x 2 ½0; T 2 Þ as:
where i 1 ¼ 1; 2; . . . ; m 1 and i 2 ¼ 1; 2; . . . ; m 2 with positive integer values for m 1 ; m 2 , and
. There are some properties for 2D-BPFs; e.g. disjointness, orthogonality, and completeness.
Disjointness
The two-dimensional block-pulse functions are disjoined with each other, i.e.
2. Orthogonality
The two-dimensional block-pulse functions are orthogonal with each other, i.e.
in the region of t 2 ½0; T 1 Þ and x 2 ½0; T 2 Þ where i 1 ; j 1 ¼ 1; 2; . . . ; m 1 and i 2 ; j 2 ¼ 1; 2; . . . ; m 2 .
Completeness
For every g 2 L 2 ð½0; T 1 Þ Â ½0; T 2 ÞÞ when m 1 and m 2 goes to infinity, Parseval identity holds:
where
(2:5)
The set of 2D-BPFs may be written as a ðm 1 m 2 Þ À vector ψðt; xÞ : whereB is an m 1 m 2 -vector with elements equal to the diagonal entries of matrix B.
2D-BPFs expansion
A function gðt; xÞ 2 L 2 ð½0; T 1 Þ Â ½0; T 2 ÞÞ may be expanded by the 2D-BPFs as:
where G is a ðm 1 m 2 Þ-vector given by and Ψðt; xÞ is defined in (2.6).
The block-pulse coefficients g i 1 ;i 2 are obtained as
( 2:13) such that the error between gðt; xÞ, and its block-pulse expansion (2.11) in the region of t 2 ½0; T 1 Þ, y 2 ½0; T 2 Þ; i.e,
is minimal. Since each two-dimensional block-pulse function takes only one value in its subregion, the 2D-BPFs can be expressed by the two 1D-BPFs:
where, Ψ i 1 ðtÞ and Ψ i 2 ðxÞ are 1D-BPFs related to the variables t and s, respectively.
A function of four variables kðt; s; x; yÞ, on ½0; T 1 Þ Â ½0; T 2 Þ Â ½0; T 3 Þ Â ½0; T 4 Þ may be approximated with respect to BPFs such as: where Θ is a column vector, whose elements are pth power of the elements of the vector U.
Operational matrix of integration
The integration of the vector Ψðt; xÞ defined in (2.1) may be obtained as So, the 2D integral of every function gðt; xÞ can be approximated as follows: 
So we get
Similarly, for the partial derivative of uðt; xÞ with respect to t, it can be shown that
Moreover, for the second-order partial derivatives of uðt; xÞ, the following equations can be written: so we get
In the similar way, to approximate the second-order partial derivatives of uðt; xÞ with respect to t, the following equation has been obtained: where the m 1 m 2 -vectors U; F; Λ; U x ; U t ; U xx ; U tt ; U tx and matrix K are the BPFs coefficients of uðt; xÞ; f ðt; xÞ; ½uðs; yÞ p ; u x ðt; xÞ; u t ðt; xÞ; u xx ðt; xÞ; u tt ðt; xÞ; u tx ðt; xÞ and kðx; y; s; tÞ respectively, and Θ is a column vector whose elements are pth power of the elements of the vector U. Now, we consider the following equation, Substituting (3.3) into (3.2) and setting it in Equation (1.2) gives:
Finally, we can determine the block-pulse coefficients of ½uðt; xÞ p by solving:
where g i;j ¼ ðu i;j Þ p and Q ¼ ðQ lz Þ is a lower triangular block matrix with 1 l m 2 and 1 z m 1 and
for m 1 ðl À 1Þ þ 1 i m 1 l and ðz À 1Þm 2 þ 1 j zm 2 ; 0 is a zero matrix. If we have uðt; xÞ ! 0 for every ðt; xÞ 2 D ¼ ½0; 1Þ Â ½0; 1Þ; then an approximate solution uðt; xÞ ¼ Ψ T ðt; xÞU can be computed for Equation (1.2) by setting u i;j ¼ ðg i;j Þ 1 p ; where u i;j and g i;j are the elements of vectors U and G respectively. hence, we have
(3:7)
Now, by using the Equations (2.25), (2.26), (2.28), (2.29), (2.31) and (3.7), we can obtain:
where A and G are the combination of block-pulse coefficient matrix, After which without using any projection method, we can evaluate the approximation of the solution of u ' U T Ψðx; yÞ for Equation (1.2). The Equation (3.8) can be solved by using Newton iterative method.
The error analysis
In this section we evaluate the representation error of a differentiable function uðt; xÞ while it is in a series form of 2D-BPFs on D ¼ ½0; 1Þ Â ½0; 1Þ. For this purpose, we review and use some results from (Maleknejad & Mahdiani, 2011; Maleknejad, Sohrabi, & Baranji, 2010) briefly. We set
We can define as well as evaluate the representation error between uðt; xÞ and its 2D-BPFs expansion, on any subregion D i 1 ;i 2 as follows. e i 1 ;i 2 ðt; xÞ ¼ g i 1 ;i 2 ψ i1;i 2 ðt; xÞ À gðt; xÞ ¼ g i 1 ;i 2 ðt; xÞ À gðt; xÞ; t; x 2 D i 1 ;i 2 ; (4:9) where
Using mean value theorem, it can be shown that (4:11) where k g 0 ðt; xÞ k M, (Maleknejad & Mahdiani, 2011; Maleknejad et al., 2010) . Error of gðt; xÞ and g m ðt; xÞ, on D, can be shows by:
eðt; xÞ ¼ g m ðt; xÞ À gðt; xÞ: (4:12)
Using Equations (4.11) and (4.12), it can be shown that (see (Maleknejad & Mahdiani, 2011; Maleknejad et al., 2010) ):
Hence, k eðt; xÞ k¼ Oð 1 m Þ. According to (Maleknejad & Mahdiani, 2011; Maleknejad et al., 2010) , assume that uðt; xÞ is evaluated by,
g i 1 ;i 2 ψ i 1 ;i 2 ðt; xÞ:
We set g i 1 ;i 2 , the approximation of g i 1 ;i 2 , and
then from Equation (4.13) for ðt; xÞ 2 D i 1 ;i 2 we have
Therefore, from Equation (4.14), it can be concluded that: Finally, the proposed method in this paper, can be applied to approximate e m ðt; xÞ in the Equation (4.17).
Numerical results
In this section, we will use the 2D-BPFs to nonlinear mixed volterra-fredholm integro-differential equations with variable coefficients. To demonstrate the superiority and the practicability of this approach, two test examples are carried out in this section. The exact solution of this problem is uðt; xÞ ¼ x þ sinðtÞ. In Table 1 , the numerical results are presented.
Example 2 We consider, in this example a two-dimensional mixed Volterra-Fredholm integrodifferential equation : The exact solution of this problem is uðt; xÞ ¼ t 2 e x . The numerical results using the proposed method are given in Table 2 .
Conclusion
In this work, some orthogonal functions known as Block-Pulse Functions have successfully used to approximate the solution of a general form of nonlinear mixed Volterra-Fredholm integro-differential equations. The error of the method estimated and according to this estimation and the numerical results, we found that the proposed method is accurate and effective to solve the nonlinear equations, especially for mixed Volterra-Fredholm integro-differential equations. 
